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Abstract
Let R be a commutative ring with identity and Specs(M) denote the
set all second submodules of an R-module M . In this paper, we con-
struct and study a sheaf of modules, denoted by O(N,M), on Specs(M)
equipped with the dual Zariski topology of M , where N is an R-module.
We give a characterization of the sections of the sheaf O(N,M) in terms
of the ideal transform module. We present some interrelations between
algebraic properties of N and the sections of O(N,M). We obtain some
morphisms of sheaves induced by ring and module homomorphisms.
2010 Mathematics Subject Classification: 13C13, 13C99, 14A15,
14A05.
Keywords and phrases: Second submodule, dual Zariski topology,
sheaf of modules.
1 Introduction
Throughout this article all rings will be commutative rings with identity ele-
ments and all modules will be unital left modules. Unless otherwise stated R
will denote a ring. Given an R-module M , the annihilator of M (in R) is de-
noted by annR(M) and for an ideal I of R, the annihilator of I in M is defined
as the set (0 :M I) := {m ∈ M : Im = 0}. Clearly, (0 :M I) is a submodule of
M .
Recall that a sheaf of rings (modules) F on a topological space X is an
assignment of a ring (module) F(U) to each open subset U of X , together
with, for each inclusion of open subsets V ⊆ U , a morphism of rings (modules)
ρUV : F(U) −→ F(V ) subject to the following conditions:
(i) F(∅) = 0.
(ii) ρUU = idF(U).
(iii) If W ⊆ V ⊆ U , then ρUW = ρVW oρUV .
(iv) If U is an open subset of X and {Uα}α∈Λ is an open cover of U , and if
f ∈ F(U) is an element such that ρUUα(f) = 0 for all α ∈ Λ, then f = 0.
∗This paper is submitted to Communications in Algebra on June 15th, 2017 for the referee
process.
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(v) If U is an open subset of X and {Uα}α∈Λ is an open cover of U , and
if we have a collection elements fα ∈ F(Uα) with the property that for all α,
β ∈ Λ, ρUα(Uα∩Uβ)(fα) = ρUβ(Uα∩Uβ)(fβ), then there is an element f ∈ F(U)
such that for all α, fα = ρUUα(f).
If F is a sheaf on a topological space X , we refer to F(U) as the sections of
F over the open subset U . We call the maps ρUV as the restriction maps (cf.
[19]).
The prime spectrum of a ring R, denoted by Spec(R), consists of all prime
ideals of R and it is non-empty. For each ideal I of R, the sets V (I) = {p ∈
Spec(R) : I ⊆ p}, where I is an ideal of R, satisfy the axioms for closed sets of
a topology on Spec(R), called the Zariski topology of R.
It is well-known that for any commutative ring R, there is a sheaf of rings
on Spec(R), denoted by OSpec(R), defined as follows: For an open subset U ⊆
Spec(R), we define OSpec(R)(U) to be the set of all functions s : U →
⊔
p∈U Rp,
such that s(p) ∈ Rp, for each p ∈ U , and such that for each p ∈ U , there is a
neighborhood V of p, contained in U , and elements a, f ∈ R, such that for each
q ∈ V , we have f 6∈ q and s(q) = a
f
in Rq (see [19]).
Let M be an R-module. A proper submodule N of M is said to be prime if
for any r ∈ R and m ∈M with rm ∈ N , we have m ∈ N or r ∈ annR(M/N) :=
(N : M). If N is a prime submodule of M , then p = (N : M) is a prime
ideal of R. In this case, N is called a p-prime submodule of M . The set of
all prime submodules of a module M is called the prime spectrum of M and
denoted by Spec(M). For any submodule N of an R-module M , we have a set
V (N) = {P ∈ Spec(M) : (N :M) ⊆ (P :M)}. Then the sets V (N), where N is
a submodule of M satisfy the axioms for closed sets of a topology on Spec(M),
called the Zariski topology of M . Several authors have investigated the prime
spectrum and the Zariski topology of a module over the last twenty years (see
for example [21], [22], [23], [24], [25]). Recently, some authors have investigated
a sheaf structure on the prime spectrum of a module which generalizes the sheaf
of rings OSpec(R) on the topological space Spec(R). In [26], the author obtained
an R-module OSpec(M)(U) for each open subset U of Spec(M) equipped with
the Zariski topology ofM such that OSpec(M) is a sheaf of modules on Spec(M).
In [20], the authors defined and studied a sheaf of modules which is denoted by
A(N,M) on the topological space Spec(M) equipped with the Zariski topology
ofM , whereM and N are two R-modules. In fact, both OSpec(M) and A(N,M)
are generalizations of the sheaf of ringsOSpec(R) to modules. In [20], the authors
proved that if N = R, then A(R,M) is a scheme on Spec(M). This scheme
structure were investigated in [1].
Recently, a dual theory of prime submodules has been developed and exten-
sively studied by many authors. The dual notion of prime submodules was first
introduced by S. Yassemi in [27]. A submodule N of an R-module M is said to
be a second submodule provided N 6= 0 and, for all r ∈ R, rN = 0 or rN = N .
If N is a second submodule of M , then p = annR(N) is a prime ideal of R. In
this case, N is called a p-second submodule of M (cf. [27]). In recent years,
second submodules have attracted attention of various authors and they have
been studied in a number of papers (see for example [3], [4], [5], [7], [9], [12],
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[13], [14], [15]).
The set of all second submodules of a moduleM is called the second spectrum
of M and denoted by Specs(M). As in [11], for any submodule N of an R-
module M we define V s∗(N) to be the set of all second submodules of M
contained in N . Clearly V s∗(0) is the empty set and V s∗(M) is Specs(M). Note
that for any family of submodules Ni (i ∈ I) ofM , ∩i∈IV s∗(Ni) = V s∗(∩i∈INi).
Thus if Zs∗(M) denotes the collection of all subsets V s∗(N) of Specs(M) where
N ≤ M , then Zs∗(M) contains the empty set and Specs(M), and Zs∗(M)
is closed under arbitrary intersections. But in general Zs∗(M) is not closed
under finite unions. A module M is called a cotop module if Zs∗(M) is closed
under finite unions. In this case Zs∗(M) is called the quasi-Zariski topology on
Specs(M) (see [6]). Note that in [3] a cotop module was called a tops-module.
More information about the class of cotop modules can be found in [3] and [6].
Let M be an R-module and N be a submodule of M . We define the set
V s(N) := {S ∈ Specs(M) : annR(N) ⊆ annR(S)}. In [11, Lemma 2], it
was shown that V s(N) = V s((0 :M annR(N))) = V
s∗((0 :M annR(N))), in
particular, V s((0 :M I)) = V
s∗((0 :M I)) for every ideal I of R, and that the set
Zs(M) = {V s(N) : N ≤M} satisfies the axioms for the closed sets. Thus there
exists a topology, say τ s, on Specs(M) having Zs(M) as the family of closed
subsets. This topology is called the dual Zariski topology ofM (see [11, Lemma
2]). Dual Zariski topology, the second spectrum of modules, and related notions
have been investigated by some authors in recent years (see [2], [3], [6], [8], [11],
[16], [17] and [18]).
In this paper, we define and study a sheaf structure on the second spectrum
of a module. Let M be an R-module. In Section 2, we construct a sheaf,
denoted by O(N,M), on Specs(M) equipped with the dual Zariski topology of
M , where N is an R-module. Firstly, we find the stalk of the sheaf O(N,M)
(see Theorem 2.3). In Theorem 2.12, we give a characterization for the sections
of the sheaf O(N,M) in terms of the ideal transform module. Let R be a
Noetherian ring andM be a faithful secondful R-module. We prove that if N is
a free, projective or flat R-module, then so is O(N,M)(Specs(M)) (see Theorem
2.18). In Section 3, we deal with a scheme structure on the second spectrum of
a module. In Theorem 3.2, we prove that O(R,M) is a scheme when M is a
faithful secondful R-module and Specs(M) is a T0-space. Then we define two
morphisms of locally ringed spaces by using ring and module homomorphisms
(see Theorem 3.3 and Corollary 3.5).
2 A Sheaf Structure On The Second Spectrum
Of A Module
Throughout the rest of the paper M will be an R-module, Xs will denote
Specs(M) and we consider Xs with the dual Zariski topology unless otherwise
stated. For every open subset U of Xs, we set Supps(U) = {annR(S) : S ∈ U}.
In this section, we construct a sheaf on Xs and investigate some properties
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of this sheaf.
Definition 2.1 Let N be an R-module. For every open subset U of Xs we
define O(N,M)(U) to be the set of all elements (βp)p∈Supps(U) ∈
∏
p∈Supps(U)
Np
in which for each Q ∈ U , there is an open neighborhood W of Q with Q ∈ W ⊆ U
and there exist elements t ∈ R, m ∈ N such that for every S ∈ W , we have
t 6∈ p := annR(S) and βp = mt ∈ Np.
Let U and V be open subsets ofXs with ∅ 6= V ⊆ U and β = (βp)p∈Supps(U) ∈
O(N,M)(U). Then it is clear that the restriction (βp)p∈Supps(V ) belongs to
O(N,M)(V ). Therefore, we have the restriction map ρUV : O(N,M)(U) −→
O(N,M)(V ), ρUV (β) = (βp)p∈Supps(V ) for all β = (βp)p∈Supps(U) ∈ O(N,M)(U).
We define ρU∅ : O(N,M)(U) −→ O(N,M)(∅) = 0 to be the zero map. It is
clear from the local nature of the definition, O(N,M) is a sheaf with the re-
striction maps defined above. We can define a map τUN : N −→ O(N,M)(U)
by τUN (n) = (
n
1 )p∈Supps(U) for all n ∈ N . We note that τUN is an R-module
homomorphism. Clearly, ρUV o τ
U
N = τ
V
N .
Recall that for any r ∈ R, the set Dr := Spec(R)\V (Rr) is open in Spec(R)
and the family {Dr : r ∈ R} forms a base for the Zariski topology on Spec(R).
Let M be an R-module. For each r ∈ R, we define Yr := Xs\V s((0 :M r)). In
[11, Theorem 4], it was shown that the set B = {Yr : r ∈ R} forms a base for
the dual Zariski topology on Xs.
Remark 2.2 Let r ∈ R and Q ∈ Xs. Then, r 6∈ annR(Q) if and only if Q ∈ Yr.
Let Q ∈ Yr. Suppose that r ∈ annR(Q), then rQ = 0 and so Q ⊆ (0 :M r). This
implies that Q ∈ V s∗((0 :M r)) = V s((0 :M r)), a contradiction. Conversely, let
r 6∈ annR(Q). Then Q 6⊆ (0 :M r) and so Q ∈ Yr. In the proof our results, we
will use this fact without any further comment.
Let F be a sheaf of modules (rings) on a topological space X and P ∈ X .
Recall that the stalk FP of F at P is defined to be the direct limit lim−−−→
P∈U
F(U)
of the modules (rings) F(U) for all open subsets U of X containing P via the
restriction maps (see [19]). In the following theorem, we determine the stalk of
the sheaf O(N,M) at a point S in Xs.
Theorem 2.3 Let N be an R-module and S ∈ Xs. Then, the stalk O(N,M)S
of the sheaf O(N,M) at S is isomorphic to Np where p := annR(S).
Proof. Let S be a p-second submodule ofM andm ∈ O(N,M)S = lim−−−→
P∈U
O(N,M)(U).
Then there exists an open neighborhood U of S and β = (βp)p∈Supps(U) ∈
O(N,M)(U) such that β represents m. We define φ : O(N,M)S −→ Np by
φ(m) = βp. Let V be another neighborhood of S and α = (αp)p∈Supps(V ) ∈
O(N,M)(V ) such that α also represents m. Then there exists an open set
W ⊆ U ∩ V such that S ∈ W and β
|W
= α
|W
. Since S ∈ W , we have αp = βp.
This shows that φ is a well-defined map. We claim that φ is an isomorphism.
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Let x ∈ Np. Then x = at for some a ∈ N , t ∈ R\p. Since t 6∈ p = annR(S),
we have S ∈ Yt. Now we define βq = at in Nq for all Q ∈ Yt where t 6∈ q =
annR(Q). Then β = (βq)q∈Supps(Yt) ∈ O(N,M)(Yt). If m is the equivalence
class of β in O(N,M)S , then φ(m) = x. Hence φ is surjective.
Now let m ∈ O(N,M)S and φ(m) = 0. Let U be an open neeighborhood
of S and β = (βp)p∈Supps(U) ∈ O(N,M)(U) is a representative of m. There
is an open neighborhood V ⊆ U of S and there are elements a ∈ N , t ∈ R
such that for all Q ∈ V , we have t 6∈ q := annR(Q) and βq = at ∈ Nq. Then
0 = φ(m) = βp =
a
t
in Np. So there is h ∈ R\p such that ha = 0. For all
Q ∈ Yth, we have βq = haht = at = 0 in Nq where q = annR(Q). Thus β|Yth = 0.
Therefore, β = 0 in O(N,M)(Yth). Consequently, m = 0. This shows that φ is
injective. Thus φ is an isomorphism.
A ringed space is a pair (X,OX) consisting of a topological space X and a
sheaf of rings OX on X . The ringed space (X,OX) is called a locally ringed
space if for each point P ∈ X , the stalk OX,P is a local ring (cf. [19]).
Corollary 2.4 (Xs,O(R,M)) is a locally ringed space.
Example 2.5 Consider the Z-modules M = Q ⊕ Zp and N = Z, where p is a
prime number. Then Specs(M) = {Q⊕ 0, 0⊕ Zp}. By Theorem 2.3,
O(Z,Q ⊕ Zp)Q⊕0 ≃ Z(0) = Q and
O(Z,Q ⊕ Zp)0⊕Zp ≃ ZpZ = Z(p) = {
a
b
∈ Q : a, b ∈ Z, b 6= 0, p ∤ b}.
Let M be an R-module. The map ψs : Specs(M) −→ Spec(R/annR(M))
defined by ψs(S) = annR(S)/annR(M) is called the natural map of Spec
s(M).
M is said to be secondful if the natural map ψs is surjective (cf. [18]).
Let M be an R-module. The Zariski socle of a submodule N of M , denoted
by Z.soc(N), is defined to be the sum of all members of V s(N) and if V s(N) = ∅,
then Z.soc(N) is defined to be 0 (cf. [18]).
Lemma 2.6 Let R be a Noetherian ring and N be an R-module. Let M be
a secondful R-module and U = Xs\V s(K) where K ≤ M . Then for each
β = (βp)p∈Supps(U) ∈ O(N,M)(U), there exist r ∈ Z+, s1, ..., sr ∈ annR(K)
and m1, ...,mr ∈ N such that U = ∪ri=1Ysi and βp = misi for all S ∈ Ysi ,
i = 1, ..., r where p = annR(S).
Proof. Since R is Noetherian, U is quasi-compact by [18, Corollary 4.4-(d)].
Thus there exist n ∈ Z+, open subsetsW1, ...,Wn of U , t1, ..., tn ∈ R, a1, ..., an ∈
N such that U = ∪nj=1Wj and for each j = 1, ..., n and S ∈Wj we have βp = ajtj
where tj 6∈ p := annR(S). Fix j ∈ {1, ..., n}. There is a submodule Hj of
M such that Wj = X
s\V s(Hj). Also we have V s(K) ⊆ V s(Hj). Since R is
Noetherian, annR(Hj) = Rbj1 + ... + Rbjnj for some bj1, ..., bjnj ∈ R. This
implies that
Wj = X
s\V s(Hj) = Xs\V s∗((0 :M annR(Hj)))
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= Xs\V s∗((0 :M Rbj1 + ...+Rbjnj )) = Xs\V s∗(∩njf=1(0 :M Rbjf ))
= Xs\ ∩njf=1 V s∗((0 :M Rbjf )) = ∪njf=1(Xs\V s∗((0 :M Rbjf )))
= ∪njf=1(Xs\V s((0 :M Rbjf ))) = ∪njf=1Ybjf , i.e. Wj = ∪njf=1Ybjf .
On the other hand, we have Z.soc(K) ⊆ Z.soc(Hj) as V s(K) ⊆ V s(Hj).
This implies that annR(Z.soc(Hj)) ⊆ annR(Z.soc(K)). By [18, Theorem 3.5-
(e)], we get
√
annR(Hj) ⊆
√
annR(K). Since R is Noetherian, there exists
d ∈ Z+ such that (√annR(K))d ⊆ annR(K) and we have
annR(Hj)
d ⊆ (
√
annR(Hj))
d ⊆ (
√
annR(K))
d ⊆ annR(K)
It follows that bdjf ∈ annR(K) for each f ∈ {1, ..., nj}. Also, for each f ∈
{1, ..., nj} and for each S ∈ Ybjf , we have tjbdjf 6∈ annR(S). We conclude that
Ybjf = X
s\V s((0 :M bjf )) = Xs\V s((0 :M tjbdjf )) = Ytjbdjf
and we can write βannR(S) =
aj
tj
=
ajb
d
jf
tjb
d
jf
∈ NannR(S). This completes the proof.
Let K be an R-module. For an ideal I of R, the I-torsion submodule of
K is defined to be ΓI(K) := ∪n≥1(0 :K In) and K is said to be I-torsion if
K = ΓI(K) (cf. [10]).
Lemma 2.7 Let N be an R-module and U = Xs\V s(K) where K ≤M . Then
ΓannR(K)(O(N,M)(U)) = 0.
Proof. Let β = (βp)p∈Supps(U) ∈ ΓannR(K)(O(N,M)(U)). There exists n ∈ Z+
such that annR(K)
nβ = 0. Consider p ∈ Supps(U). There exists a second
submodule Q ∈ U such that p = annR(Q). If annR(K)n ⊆ p, then annR(K) ⊆
p and so Q ∈ V s(K), a contradiction. Thus annR(K)n 6⊆ p. So there exists
tp ∈ annR(K)n\p. Since tpβ = 0, we have tpβp = 0 and βp = tpβptp = 0 ∈ Np.
Hence, β = 0.
Theorem 2.8 Let R be a Noetherian ring, M be a faithful secondful R-module
and N be an R-module. Let U = Xs\V s(K) where K ≤M . Then ΓannR(K)(N) =
ker(τUN ), and so ker(τ
U
N ) is annR(K)-torsion.
Proof. By Lemma 2.7, we have τUN (ΓannR(K)(N)) ⊆ ΓannR(K)(O(N,M)(U)) =
0. So ΓannR(K)(N) ⊆ ker(τUN ).
Suppose that m ∈ ker(τUN ). Then m1 = 0 ∈ Np for all p ∈ Supps(U).
So, for each p ∈ Supps(U), there is tp ∈ R\p such that tpm = 0. Put J =∑
p∈Supps(U)
Rtp. Then Jm = 0.
Let q ∈ V (J). We claim that annR(K) ⊆ q. Suppose on the contrary that
annR(K) 6⊆ q. Since M is faithful secondful, there is a second submodule S of
M such that q = annR(S). Therefore S ∈ U and q ∈ Supps(U). This implies
that tq ∈ J ⊆ q. This contradicts the fact that tq ∈ R\q. Thus
annR(K) ⊆
√
annR(K) =
⋂
p∈V (annR(K))
p ⊆ ⋂
p∈V (J)
p =
√
J
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Since R is Noetherian, annR(K)
n ⊆ J for some n ∈ Z+. Hence annR(K)nm ⊆
Jm = 0. This shows that m ∈ ΓannR(K)(N) and the result follows.
Lemma 2.9 Let r, n ∈ Z+, s1, ..., sr ∈ R. Then V s((0 :M
r∑
i=1
Rsni )) = V
s((0 :M
r∑
i=1
Rsi)).
Proof. Let S ∈ V s((0 :M
r∑
i=1
Rsni )). Then annR((0 :M
r∑
i=1
Rsni )) = annR(∩ri=1(0 :M
Rsni )) ⊆ annR(S). For each i ∈ {1, ..., r}, we have (Rsi)n = Rsni ⊆ annR((0 :M
Rsni )) ⊆ annR(∩ri=1(0 :M Rsni )) ⊆ annR(S). Since annR(S) is a prime ideal,
we have Rsi ⊆ annR(S) and so
r∑
i=1
Rsi ⊆ annR(S). It follows that S ⊆ (0 :M
annR(S)) ⊆ (0 :M
r∑
i=1
Rsi). This shows that S ∈ V s∗((0 :M
r∑
i=1
Rsi)) =
V s((0 :M
r∑
i=1
Rsi)) and hence V
s((0 :M
r∑
i=1
Rsni )) ⊆ V s((0 :M
r∑
i=1
Rsi)).
For the other containment;
r∑
i=1
Rsni ⊆
r∑
i=1
Rsi implies that (0 :M
r∑
i=1
Rsi) ⊆
(0 :M
r∑
i=1
Rsni ) and hence V
s((0 :M
r∑
i=1
Rsi)) ⊆ V s((0 :M
r∑
i=1
Rsni )).
Theorem 2.10 Let R be a Noetherian ring,M be a faithful secondful R-module,
N be an R-module and U = Xs\V s(K) where K ≤M . Let W be an open subset
of Xs such that U ⊆W . Then ker(ρWU ) = ΓannR(K)(O(N,M)(W )).
Proof. By Lemma 2.7, ρWU (ΓannR(K)(O(N,M)(W )) ⊆ ΓannR(K)(O(N,M)(U)) =
0. So ΓannR(K)(O(N,M)(W )) ⊆ ker(ρWU ).
There exists L ≤ M such that W = Xs\V s(L). Let β = (βp)p∈Supps(W ) ∈
ker(ρWU ). By Lemma 2.6, there exist r ∈ Z+, s1, ..., sr ∈ annR(L) and
m1, ...,mr ∈ N such that W = ∪ri=1Ysi and for each i = 1, ..., r and each
S ∈ Ysi , we have βannR(S) = misi . Since β ∈ ker(ρWU ), we have βp = 0 for all
p ∈ Supps(U). Fix i ∈ {1, ..., r}. Set U ′ = U ∩ Ysi . Hence,
U ′ = (Xs\V s(K)) ∩ (Xs\V s((0 :M si)) = Xs\(V s(K) ∪ V s((0 :M si))) =
Xs\V s(K + (0 :M si)).
Then mi
si
= 0 ∈ Np for all p ∈ Supps(U ′). This implies that τU ′N (mi) = 0.
By Theorem 2.8, there exists hi ∈ Z+ such that annR(K + (0 :M si))himi = 0.
Let h := max{h1, ..., hr}. Now, let p ∈ Supps(W ). There exists i ∈ {1, ..., r}
such that p ∈ Supps(Ysi). Let d ∈ annR(K)h. Since shi ∈ annR((0 :M si))h, we
have
dshi ∈ annR(K)hannR((0 :M si))h ⊆ (annR(K) ∩ annR((0 :M si)))h =
annR(K + (0 :M si))
h.
Therefore, we conclude that dβp =
dmi
si
=
dshimi
sh+1
i
= 0 ∈ Np for all d ∈
annR(K)
h. This implies that annR(K)
hβ = 0 and so β ∈ ΓannR(K)(O(N,M)(W )).
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Theorem 2.11 Let R be a Noetherian ring,M be a faithful secondful R-module,
N be an R-module and U = Xs\V s(K) where K ≤ M . Then the map τUN :
N −→ O(N,M)(U) has an annR(K)-torsion cokernel.
Proof. Let β = (βp)p∈Supps(U) ∈ O(N,M)(U). By Lemma 2.6, there exist
r ∈ Z+, s1, ..., sr ∈ annR(K) and m1, ...,mr ∈ N such that U =
r⋃
i=1
Ysi and for
each i = 1, ..., r and each S ∈ Ysi we have βannR(S) = misi . Fix i ∈ {1, ..., r}.
Then for each S ∈ Ysi , siβannR(S) = simisi ∈ NannR(S). This means that
ρUYsi (siβ) = siρUYsi (β) = τ
Ysi
N (mi) = ρUYsi (τ
U
N (mi))
Thus, siβ − τUN (mi) ∈ ker(ρUYsi ) = ΓannR((0:Msi))(O(N,M)(U)) by Theorem
2.10. Hence there exists ni ∈ Z+ such that annR((0 :M si))ni(siβ − τUN (mi)) =
0. Then snii (siβ − τUN (mi)) = 0. Define n := max{n1, ...nr} + 1. Then for all
i = 1, ..., r, we have sni β = s
n−ni−1
i s
ni+1
i β = s
n−ni−1
i s
ni
i τ
U
N (mi). It follows that
sni β = s
n−1
i τ
U
N (mi) = τ
U
N (s
n−1
i mi) ∈ τUN (N). By Lemma 2.9, we have
V s((0 :M
r∑
i=1
Rsni )) = V
s((0 :M
r∑
i=1
Rsi))
= V s∗((0 :M
r∑
i=1
Rsi))
= V s∗(∩ri=1(0 :M Rsi))
= ∩ri=1V s∗((0 :M Rsi))
= ∩ri=1V s((0 :M Rsi)).
It follows that
Xs\V s((0 :M
r∑
i=1
Rsni )) = X
s\ ∩ri=1 V s((0 :M Rsi))
= ∪ri=1(Xs\V s((0 :M Rsi)))
= ∪ri=1Ysi = U = Xs\V s(K).
This means that V s((0 :M
r∑
i=1
Rsni )) = V
s(K). SinceM is faithful secondful,
we get that V (
r∑
i=1
Rsni ) ⊆ V (annR(K)). Hence annR(K) ⊆
√
annR(K) ⊆√
r∑
i=1
Rsni . Since R is Noetherian, there exists h ∈ Z+ such that annR(K)h ⊆
r∑
i=1
Rsni . It follows that annR(K)
hβ ⊆
(
r∑
i=1
Rsni
)
β ⊆ τUN (N). This completes
the proof.
LetK be an R-module and I be an ideal ofR. Recall that the ideal transform
of K with respect to I is defined as DI(K) := lim−−→
n∈N
HomR(I
n, K) (cf. [10]).
Theorem 2.12 Let R be a Noetherian ring,M be a faithful secondful R-module,
N be an R-module and U = Xs\V s(K) where K ≤M . Then, there is a unique
R-isomorphism
g
K,N
: O(N,M)(U) −→ DannR(K)(N) := lim−−→
n∈N
HomR(annR(K)
n, N)
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such that the diagram
N
τUN−→ O(N,M)(U)
ց ↓ g
K,N
DannR(K)(N)
commutes.
Proof. By Theorems 2.8 and 2.11, both the kernel and cokernel of τUN are
annR(K)-torsion. Therefore, there is a uniqueR-homomorphism gK,N : O(N,M)(U) −→
DannR(K)(N) such that the given diagram commutes by [10, Corollary 2.2.13-
(ii)]. By Lemma 2.7, ΓannR(K)(O(N,M)(U)) = 0. So, gK,N is an isomorphism
by [10, Corollary 2.2.13-(iii)].
Corollary 2.13 Let R be a Noetherian ring, M be a faithful secondful R-
module, N be an R-module and U = Xs\V s(K) where K ≤ M . Then the
following hold.
(1) O(ΓannR(K)(N),M)(U) = 0
(2) O(N,M)(U) ≃ O(N/ΓannR(K)(N),M)(U)
(3) O(N,M)(U) ≃ O(O(N,M)(U),M)(U)
(4) If N is an annR(K)-torsion R-module, then O(N,M)(U) = 0.
Proof. Parts (1), (2) and (3) follow from Theorem 2.12 and [10, Corollary
2.2.8]. Part (4) is an immediate consequence of part (1).
Example 2.14 Consider the Z-modules N = Z/9Z andM = (⊕pZp)⊕Q where
p runs over all distinct prime numbers. ThenM is a faithful secondful Z-module.
Let K = (0⊕Z3⊕0...)⊕0 and U = Specs(M)\V s(K). Then annR(K) = 3Z and
N is a 3Z-torsion Z-module. By Corollary 2.13-(4), O(Z/9Z, (⊕pZp)⊕Q)(U) =
0.
Corollary 2.15 Let R be a principal ideal domain, M be a faithful secondful
R-module, N be an R-module and U = Xs\V s(K). Then there exists a ∈ R
such that O(N,M)(U) ≃ Na, where Na is the localization of N with respect to
the multiplicative set {an : n ∈ N}.
Proof. Since R is a a principal ideal domain, there is an element a ∈ R such
that annR(K) = Ra. By Theorem 2.12 and [10, Theorem 2.2.16], we have
O(N,M)(U) ≃ DannR(K)(N) ≃ Na.
Theorem 2.16 Let M be a faithful secondful R-module and N be any R-
module. For any element f ∈ R, the module O(N,M)(Yf ) is isomorphic to
the localized module Nf . In particular, O(N,M)(Xs) ≃ N .
Proof. We define the map φ : Nf −→ O(N,M)(Yf ) by φ( afm ) = ( afm )p∈Supps(Yf ).
We claim that φ is an isomorphism. First, we show that φ is injective. Let
φ( a
fn
) = φ( b
fm
). Then for every S ∈ Yf , afn = bfm in Np where p = annR(S).
Thus there exists h ∈ R\p such that h(fma − fnb) = 0 in N . Let I = (0 :R
fma − fnb). Then h ∈ I and h 6∈ p, so I 6⊆ p. This holds for any S ∈ Yf ,
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so we deduce that Supps(Yf ) ⊆ Spec(R)\V (I). Since M is faithful secondful,
Df = Supp
s(Yf ) ⊆ Spec(R)\V (I) and we get that V (I) ⊆ V (Rf). This implies
that Rf ⊆ √Rf ⊆ √I . Therefore f l ∈ I for some l ∈ Z+. Now we have
f l(fma− fnb) = 0 which shows that a
fn
= b
fm
in Nf . Thus φ is injective.
Let β = (βp)p∈Supps(Yf ) ∈ O(N,M)(Yf ). Then we can cover Yf with the
open subsets Vi on which βannR(S) is represented by
ai
gi
with gi 6∈ annR(S) for
all S ∈ Vi, in other words Vi ⊆ Ygi . Since the open sets of the form Yr (r ∈ R)
form a base for the dual Zariski topology on Xs, we may assume that Vi = Yhi
for some hi ∈ R. Since Yhi ⊆ Ygi , Dhi = ψs(Yhi) ⊆ ψs(Ygi) = Dgi by [6,
Proposition 4.1]. This implies that V (Rgi) ⊆ V (Rhi) and so Rhi ⊆
√
Rhi ⊆√
Rgi. Thus h
s
i ∈ Rgi for some s ∈ Z+. So hsi = cgi for some c ∈ R and
ai
gi
= cai
cgi
= cai
hs
i
. We see that βannR(S) is represented by
bi
ki
(bi = cai, ki = h
s
i )
on Yki and (since Yhi = Yhsi ) the Yki cover Yf . The open cover Yf = ∪Yki has
a finite subcover by [11, Theorem 4-(2)]. Suppose that Yf ⊆ Yk1 ∪ ... ∪ Ykn .For
1 ≤ i, j ≤ n, bi
ki
and
bj
kj
both represent βannR(S) on Yki ∩ Ykj . By [6, Corollary
4.2], Yki ∩ Ykj = Ykikj , and by the injectivity of φ, we get that biki =
bj
kj
in
Nkikj . Hence (kikj)
nij (kjbi − kibj) = 0 for some nij ∈ Z+. Let m = max{nij :
1 ≤ i, j ≤ n}. Then km+1j (kmi bi) − km+1i (kmj bj) = 0. By replacing each ki by
km+1i and bi by k
m
i bi, we still see that βannR(S) is represented on Yki by
bi
ki
and
furthermore we have kjbi = kibj for all i, j. Since Yf ⊆ Yk1 ∪ ... ∪ Ykn , by [6,
Proposition 4.1], we have
Df = ψ
s(Yf ) ⊆ ∪ni=1ψs(Yki ) = ∪ni=1Dki , i.e., Spec(R)\V (Rf) ⊆ Spec(R)\∩ni=1
V (Rki). This implies that ∩ni=1V (Rki) = V (
∑n
i=1Rki) ⊆ V (Rf) and hence
Rf ⊆ √Rf ⊆ √∑ni=1 Rki. So, there are c1, ..., cn ∈ R and t ∈ Z+ such
that f t =
∑n
i=1 ciki. Let a =
∑n
i=1 cibi. Then for each j, we have kja =∑n
i=1 cikjbi =
∑n
i=1 cikibj = bjf
t. This implies that a
ft
=
bj
kj
on Ykj . There-
fore, φ( a
ft
) = (βp)p∈Supps(Yf ).
Proposition 2.17 Let K, L be R-modules and ϕ : K −→ L be an R-homomorphism.
Then ϕ induces a morphism of sheaves ϕ : O(K,M) −→ O(L,M). If ϕ is an
isomorphism of R-modules, then ϕ is an isomorphism of sheaves.
Proof. Let U be an open subset of Xs and β = (
ap
fp
)p∈Supps(U) ∈ O(K,M)(U).
We show that
(
ϕ(ap)
fp
)
p∈Supps(U)
∈ O(L,M)(U). For each Q ∈ U , there is
an open neighborhood W of Q with Q ∈ W ⊆ U and there exist elements
t ∈ R, m ∈ K such that for every S ∈ W , we have t 6∈ p := annR(S) and
ap
fp
= m
t
∈ Kp. So there exists sp ∈ R\p such that sp(tap − fpm) = 0. It follows
that sp (tϕ(ap)− fpϕ(m)) = 0. This means that ϕ(ap)fp =
ϕ(m)
t
where ϕ(m) ∈ L
and t 6∈ p := annR(S) for every S ∈ W . This shows that
(
ϕ(ap)
fp
)
p∈Supps(U)
∈
O(L,M)(U). Thus the map ϕ(U) : O(K,M)(U) −→ O(L,M)(U) defined by
ϕ(U)
(
(
ap
fp
)p∈Supps(U)
)
=
(
ϕ(ap)
fp
)
p∈Supps(U)
.
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is well-defined. Clearly, ϕ(U) is an R-homomorphism. Since
ρ′UV ϕ(U)
(
(
ap
fp
)p∈Supps(U)
)
= ρ′UV
(
(
ϕ (ap)
fp
)p∈SuppU
)
= (
ϕ (np)
fp
)p∈SuppV
= ϕ(V )ρUV
(
(
ap
fp
)p∈Supps(U)
)
,
the following diagram is commutative.
O(K,M)(U) ϕ(U)−−−→ O(L,M)(U)↓ ρUV ↓ ρ′UV
O(K,M)(V ) ϕ(V )−−−→ O(L,M)(V )
This shows that ϕ : O(K,M) −→ O(L,M) is a morphism of sheaves.
Now suppose that ϕ is an isomorphism. We show that ϕ(U) is injective.
Let ϕ(U)
(
(
ap
fp
)p∈Supps(U)
)
=
(
ϕ(ap)
fp
)
p∈Supps(U)
= 0. Then
ϕ(ap)
fp
= 0 for every
p ∈ Supps(U). There exists tp ∈ R\p such that tpϕ(ap) = ϕ(tpap) = 0. Since
ϕ is injective, tpap = 0 for every p ∈ Supps(U). It follows that apfp =
tpap
tpfp
= 0
for every p ∈ Supps(U). This shows that (ap
fp
)p∈Supps(U) = 0 and so ϕ(U) is
injective for every open subset U of Xs.
Now we show that ϕ(U) is surjective. Let
(
bp
tp
)
p∈Supps(U)
∈ O(L,M)(U).
There exists ap ∈ K such that ϕ(ap) = bp for each p ∈ Supps(U). We show that(
ap
tp
)
p∈Supps(U)
∈ O(K,M)(U). For each Q ∈ U , there is an open neighborhood
W of Q with Q ∈ W ⊆ U and there exist elements t ∈ R, b ∈ L such that for
every S ∈ W , we have t 6∈ annR(S) = p and bptp =
ϕ(ap)
tp
= b
t
. There exists
a ∈ K such that b = ϕ(a). So ϕ(a)
t
=
ϕ(ap)
tp
, where t 6∈ p = annR(S) for every
S ∈ W . There exists vp ∈ R\p such that vp(tpϕ(a)−tϕ(ap)) = 0. It follows that
ϕ(vptpa− vptap) = 0. Since ϕ is injective vp(tpa− tap) = 0 for vp ∈ R\p. This
means that
ap
tp
= a
t
where t 6∈ p = annR(S) for every S ∈ W . This shows that(
ap
tp
)
p∈Supps(U)
∈ O(K,M)(U) and ϕ
((
ap
tp
)
p∈Supps(U)
)
=
(
bp
tp
)
p∈Supps(U)
.
Thus ϕ(U) is surjective for every open subset U of Xs. Consequently, ϕ is an
isomorphism of sheaves.
Theorem 2.18 Let R be a Noetherian ring, M be a faithful secondful R-module
and N be an R-module. Then the following hold.
(1) If N is a free R-module, then O(N,M)(Xs) is a free R-module.
(2) If N is a projective R-module, then O(N,M)(Xs) is a projective R-
module.
(3) If N is a flat R-module, then O(N,M)(Xs) is a flat R-module.
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Proof. (1) We can write Xs = Xs\V s(0). Since N is a free R-module, N
is isomorphic to a direct sum of some copies of R, say N ≃ ⊕i∈ΛR for an
index set Λ. By Proposition 2.17, O(N,M)(Xs) ≃ O(⊕i∈ΛR,M)(Xs). By
Theorem 2.12, O(N,M)(Xs) ≃ DR(N) and O(⊕i∈ΛR,M)(Xs) ≃ DR(⊕i∈ΛR).
DR commutes with direct sums by [10, 3.4.11. Corollary]. By using this fact,
Theorem 2.12 and Theorem 2.16, we get that O(N,M)(Xs) ≃ DR(⊕i∈ΛR) ≃
⊕i∈ΛDR(R) ≃ ⊕i∈ΛO(R,M)(Xs) ≃ ⊕i∈ΛR. This shows that O(N,M)(Xs) is
a free R-module.
(2) Since N is a projective R-module, there is a free R-module F and a
submodule L of F such that F ≃ N ⊕ L. By using Proposition 2.17 and
[10, 3.4.11. Corollary], we get that O(F,M)(Xs) ≃ O(N ⊕ L,M)(Xs) ≃
O(N,M)(Xs) ⊕O(L,M)(Xs). By part (1), O(F,M)(Xs) is a free R-module.
O(N,M)(Xs) is a projective R-module as it is a direct summand of the free
R-module O(F,M)(Xs).
(3) Since every flat R-module is a direct limit of projective R-modules, N ≃
lim
−−→
i∈Λ
Pi for some projective R-modules Pi and a directed set Λ. By Proposition
2.17 and Theorem 2.12, O(N,M)(Xs) ≃ O(lim
−−→
i∈Λ
Pi,M)(X
s) ≃ DR(lim−−→
i∈Λ
Pi). DR
commutes with direct limits by [10, 3.4.11. Corollary]. By using this fact,
Theorem 2.12 and Theorem 2.16, we get that O(N,M)(Xs) ≃ DR(lim−−→
i∈Λ
Pi) ≃
lim
−−→
i∈Λ
DR(Pi) ≃ lim−−→
i∈Λ
O(Pi,M)(Xs). By part (2), O(Pi,M)(Xs) is a projective and
hence a flat R-module for each i ∈ Λ. Since a direct limit of flat modules is flat,
O(N,M)(Xs) is a flat R-module.
3 A Scheme Structure On The Second Spec-
trum Of A Module
Recall that an affine scheme is a locally ringed space which is isomorphic to the
spectrum of some ring. A scheme is a locally ringed space (X,OX) in which
every point has an open neighborhood U such that the topological space U ,
together with the restricted sheaf OX|U is an affine scheme. A scheme (X,OX)
is called locally Noetherian if it can be covered by open affine subsets of Spec(Ai)
where each Ai is a Noetherian ring. The scheme (X,OX) is called Noetherian
if it is locally Noetherian and quasi-compact (cf. [19]).
A topological space X is said to be a T0-space or a Kolmogorov space if for
every pair of distinct points x, y ∈ X , there exists open neighbourhoods U of x
and V of y such that either x /∈ V or y /∈ U . The following proposition, from
[6], gives some conditions for the dual Zariski topology of an R-module to be a
T0-space.
Proposition 3.1 [6, Theorem 6.3] The following statements are equivalent for
an R-module M .
(1) The natural map ψs : Specs(M) −→ Spec(R/annR(M)) is injective.
(2) For any S1, S2 ∈Specs(M), if V s(S1) = V s(S2) then S1 = S2.
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(3) | Specsp(M) |≤ 1 for every p ∈ Spec(R), where Specsp(M) is the set of
all p-second submodules of M .
(4) (Specs(M), τ s) is a T0-space.
Theorem 3.2 Let M be a faithful secondful R-module such that Xs is a T0-
space. Then (Xs,O(R,M)) is a scheme. Moreover, if R is Noetherian, then
(Xs,O(R,M)) is a Noetherian scheme.
Proof. Let g ∈ R. Since the natural map ψsM : Specs(M) −→ Spec(R) is
continuous by [6, Proposition 3.6], the restriction map ψsM|Yg : Yg −→ ψsM (Yg)
is also continuous. Since Yg is also a T0-space, ψ
s
M|Yg is a bijection. Let E
be closed subset of Yg. Then E = Yg ∩ V s(N) for some N ≤ M . Hence
ψsM (E) = ψ
s
M (Yg ∩ V s(N)) = ψsM (Yg) ∩ ψsM (V s(N)) = ψsM (Yg) ∩ V (annR(N))
is a closed subset of ψsM (Yg). Therefore, ψ
s
M|Yg is a homeomorphism.
Since the sets of the form Yg (g ∈ R) form a base for the dual Zariski
topology, Xs can be written as Xs = ∪i∈IYgi for some gi ∈ R. Since M
is faithful secondful and Xs is a T0-space, we have Ygi ≃ ψsM (Ygi ) = Dgi ≃
Spec(Rgi) for each i ∈ I. By Theorem 2.16, Ygi is an affine scheme for each
i ∈ I. This implies that (Xs,O(R,M)) is a scheme.
For the last statement, we note that since R is Noetherian so is Rgi for each
i ∈ I. Hence (Xs,O(R,M)) is a locally Noetherian scheme. By [11, Theorem
4], Xs is quasi-compact. Therefore, (Xs,O(R,M)) is a Noetherian scheme.
Theorem 3.3 Let M and N be R-modules and φ : M −→ N be a monomor-
phism. Then φ induces a morphism of locally ringed spaces
(f, f#) : (Specs(N),O(R,N)) −→ (Specs(M),O(R,M)).
Proof. By [6, Proposition 3.14], the map f : Specs(M) −→ Specs(N) which
is defined by f(S) = φ(S) for every S ∈ Specs(M), is continuous. Let U be
an open subset of Specs(N) and β ∈ O(R,N)(U). Suppose S ∈ f−1(U). Then
f(S) = φ(S) ∈ U . There exists an open neighborhood W of φ(S) with φ(S) ∈
W ⊆ U such that for each Q ∈ W , g 6∈ q = annR(Q) and βq = ag in Rq. Since
φ(S) = f(S) ∈ W , S ∈ f−1(W ) ⊆ f−1(U). As f is continuous, f−1(W ) is an
open neighborhood of S. We claim that for each Q′ ∈ f−1(W ), g 6∈ annR(Q′).
Suppose on the contrary that g ∈ annR(Q′) for some Q′ ∈ f−1(W ). Then
f(Q′) = φ(Q′) ∈ W . Since φ is a monomorphism, annR(Q′) = annR(φ(Q′)).
So g ∈ annR(φ(Q′)) for φ(Q′) ∈ W , a contradiction. Therefore for every open
subset U of Specs(N), we can define the map
f#(U) : O(R,N)(U) −→ O(R,M)(f−1(U))
as follows. For every β ∈ O(R,N)(U), f#(U)(β) ∈ O(R,M)(f−1(U)) is defined
by f#(U)(
(
βp
)
p∈Supps(U)
) = (βannR(f(S))S∈f−1(U). As we mentioned above
f#(U) is a well-defined map an clearly it is a ring homomorphism. Now we show
that f# is a locally ringed morphism. Assume that U and V are open subsets
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of Specs(N) with V ⊆ U and β = (βp)p∈Supps(U) ∈ O(R,N)(U). Consider the
diagram
O(R,N)(U) f#(U)−−−−→ O(R,M)(f
−1(U))
↓ ρ′UV ↓ ρf−1(U)f−1(V )
O(R,N)(V ) f#(V )−−−−→ O(R,M)(f
−1(V )).
Then
ρf−1(U)f−1(V )f
#(U)(
(
βp
)
p∈Supps(U)
) = ρf−1(U)f−1(V )((βannR(f(S))S∈f−1(U))
= (βannR(f(S))S∈f−1(V ) = f
#(V )((βp)p∈Supps(V ))
= f#(V )ρ′UV (
(
βp
)
p∈Supps(U)
).
Therefore we get that ρf−1(U)f−1(V )f
#(U) = f#(V )ρ′UV . Thus the above
diagram is commutative. This shows that f# : O(R,N) −→ f∗(O(R,M))
is a morphism of sheaves. By Theorem 2.3, the map on the stalks, f#S :
O(R,N)f(S) −→ O(R,M)S is clearly the map of local rings RannR(f(S)) −→
RannR(S) which maps
r
s
∈ RannR(f(S)) to rs again. This implies that (f, f#) :
(Specs(N),O(R,N)) −→ (Specs(M),O(R,M)) is a morphism of locally ringed
spaces.
Theorem 3.4 Let M , A be R-modules, φ : R −→ S be a ring homomorphism,
let N,B be S-modules and M be a secondful R-module such that Specs(M) is
a T0-space and annR(M) ⊆ annR(N). If δ : A −→ B is an R-homomorphism,
then φ induces a morphism of sheaves
h# : O(A,M) −→ h∗(O(B,N))
Proof. Since annR(M) ⊆ annR(N), φ induces the homomorphism
Θ : R/annR(M) −→ S/annS(N),Θ(r + annR(M)) = φ(r) + annS(N).
It is well-known that the maps
f : Spec(S) −→ Spec(R) defined by f(p) = φ−1(p) and
d : Spec(S/annS(N)) −→ Spec(R/annR(M)) defined by d(p) = Θ−1(p) and
ψsN : Spec
s(N) −→ Spec(S/annS(N)) defined by ψsN (Q) = annS(Q)/annS(N)
for eachQ ∈ Specs(N) are continuous. Also, ψsM : Specs(M) −→ Spec(R/annR(M))
is a homeomorphism by [6, Theorem 6.3]. Therefore the map h : Specs(N) −→
Specs(M) defined by h(Q) = (ψsM )
−1dψsN (Q) is continuous. Also, for each
Q ∈ Specs(N), we get an R-homomorphism
φannS(Q) : Af(annS(Q)) −→ BannS(Q)
a
s
−→ δ(r)
φ(s)
Let U be an open subset of Specs(M) and t = (tannR(P ))P∈U ∈ O(A,M)(U).
Suppose that T ∈ h−1(U). Then h(T ) ∈ U and there exists an open neigh-
borhood W of h(T ) with h(T ) ∈ W ⊆ U and elements r, g ∈ R such that
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for each Q ∈ W , we have tannR(Q) = ag ∈ AannR(Q) where g 6∈ annR(Q),
hence g 6∈ annR(h(T )). By definition of h, annR(h(K)) = φ−1(annS(K))
for every K ∈ h−1(W ). So φ(g) 6∈ annS(K) for g 6∈ annR(h(K)). Thus
φannS(T )(
a
g
) = δ(a)
φ(g) define a section O(B,N)(h−1(U)). We can define
h#(U) : O(A,M)(U) −→ h∗(O(B,N)(U)) = O(B,N)(h−1(U))
by h#(U)((tannR(P ))P∈U ) =
(
φannS(T )(tannR(h(T )))
)
T∈h−1(U)
for each (tannR(P ))P∈U ∈
O(R,M)(U). Assume that V ⊆ U . Consider the diagram
O(A,M)(U) h#(U)−−−−→ O(B,N)(h
−1(U))
↓ ρUV ↓ ρ′h−1(U)h−1(V )
O(A,M)(V ) h#(V )−−−−→ O(B,N)(h
−1(V ))
We see that
ρ′h−1(U)h−1(V )h
#(U)((tannR(P ))P∈U ) = ρ
′
h−1(U)h−1(V )
((
φannS(T )(tannR(h(T )))
)
T∈h−1(U)
)
=
(
φannS(T )(tannR(h(T )))
)
T∈h−1(V )
= h#(V )((tannR(P ))P∈V ) = h
#(V )ρUV ((tannR(P ))P∈U )
and hence ρ′
h−1(U)h−1(V )h
#(U) = h#(V )ρUV for every open subset U of Spec
s(M).
So the above diagram is commutative. It follows that h# : O(A,M) −→
h∗(O(B,N)) is a morphism of sheaves.
Corollary 3.5 Let φ : R −→ S be a ring homomorphism, let N be an S-
module and M be a secondful R-module such that Specs(M) is a T0-space and
annR(M) ⊆ annR(N). Then φ induces a morphism of locally ringed spaces
(h, h#) : (Specs(N),O(S,N)) −→ (Specs(M),O(R,M))
Proof. Taking A = R, B = S and δ = φ in Theorem 3.4, we get the morphism
of sheaves h# : O(R,M) −→ h∗(O(S,N)) which is defined as in the proof of
Theorem 3.4. By Theorem 2.3, the map on the stalks h#T : O(R,M)h(T ) −→
O(S,N)T is clearly the local homomorphism
φannS(T ) : Rf(annS(T )) −→ SannS(T )
r
s
−→ φ(r)
φ(s)
where f is the map defined in the proof of Theorem 3.4. This implies that
(h, h#) : (Specs(N),O(S,N)) −→ (Specs(M),O(R,M))
is a locally ringed spaces.
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